Abstract: First, the Coset Space Dimensional Reduction scheme and the best particle physics model so far resulting from it are reviewed. Then, a higher-dimensional theory in which the extra dimensions are fuzzy coset spaces is described and a dimensional reduction to four-dimensional theory is performed. Afterwards, another scheme including fuzzy extra dimensions is presented, but this time the starting theory is four-dimensional while the fuzzy extra dimensions are generated dynamically. The resulting theory and its particle content is discussed. Besides the particle physics models discussed above, gravity theories as gauge theories are reviewed and then, the whole methodology is modified in the case that the background spacetimes are noncommutative. For this reason, specific covariant fuzzy spaces are introduced and, eventually, the program is written for both the 3-d and 4-d cases.
Introduction
Throughout the present review, it is evident that, in principle, our ultimate hope is that, as with many theoretical physicists, there is a unification scenario in which all fundamental interactions are included. In this direction, a respectable amount of serious approaches have been considered, with those that elaborate the notion of extra dimensions to be particularly interesting. A consistent framework elaborating the concept of extra dimensions is that of superstring theories [1] , with the most promising being the heterotic string [2] (defined in ten dimensions), because of its potential experimental testability. Specifically, the phenomenological aspect of the heterotic string is designated in the resulting Grand Unified Theories (GUTs), containing the gauge group of the Standard Model, which are obtained after compactifying the 10-d spacetime and performing a dimensional reduction of the E 8 × E 8 initial gauge theory. In addition, a few years before the formulation of the superstring theories, the alternative framework of dimensional reduction of higher-dimensional gauge theories was elaborated. This important undertaking, which shared common aims with the one of superstring theories, was initially explored by Forgacs-Manton and Scherk-Schwartz studying the Coset Space Dimensional Reduction (CSDR) [3] [4] [5] and the group manifold reduction [6] , respectively.
In the higher-dimensional theory, the gauge fields unify the gauge and scalar sector, while, after the dimensional reduction, the resulting 4-d theory comprises a particle spectrum of the surviving components. The above holds for both approaches. Moreover, in the CSDR programme, inclusion of fermions in the higher-dimensional theory gives rise to Yukawa interactions in the resulting 4-d theory. Furthermore, in certain dimensions, there is a way to unify the fields even more if the initial, higher-dimensional gauge theory is considered to be N = 1 supersymmetric, meaning that the gauge and fermionic fields of the theory are considered in the same vector supermultiplet. In addition, it is worth noting that the CSDR scheme allows the possibility of obtaining chiral 4-d theories [7, 8] .
In the CSDR context, a couple of elements coming from the heterotic string [2] were incorporated, specifically the dimensionality of the spacetime and the gauge group of the higher-dimensional theory. Therefore, taking into consideration that superstring theories are consistent in ten dimensions, the extra dimensions have to be distinguished from the four observable ones with a compactification of the metric and then the resulting 4-d theory has to be determined. Furthermore, a suitable choice of the compactification manifold could lead to 4-d N = 1 supersymmetric theories, aiming for realistic GUTs.
In the procedure of the dimensional reduction of an N = 1 supersymmetric gauge theory, a very important and desired property, is the amount of supersymmetry of the initial theory to be preserved in the 4-d one. Demanding this preservation to hold, very good candidates are the compact internal Calabi-Yau (CY) manifolds [9] . However, the moduli stabilization problem that emerged led to the study of flux compactification, in a wider class of internal spaces, the manifolds with SU(3)-structure. In these manifolds, a background non-vanishing, globally defined, spinor is considered. This spinor is covariantly constant with respect to a connection including torsion, while, in the CY case, this holds for a Levi-Civita connection. Here, the nearly-Kähler manifolds class of the SU(3)-structure manifolds is considered . Specifically, the class of 6-d homogeneous nearly-Kähler manifolds comprises of the non-symmetric coset spaces G 2 /SU(3), Sp(4)/SU(2)× U(1) non-max , SU(3)/U(1)× U(1) and the group manifold SU(2)× SU(2) [32] (see also ). It is worth mentioning that, contrary to the CY case, the dimensional reduction of a 10-d N = 1 supersymmetric gauge theory over a non-symmetric coset space, leads to 4-d theories which include supersymmetry breaking terms [33] [34] [35] .
In addition, there exists another appropriate framework, which seems to admit the construction of theories describing physics at Planck scale, in which the property of commutativity of the coordinates is not in force, namely the noncommutative geometry [34, . This framework is particularly interesting since it provides the possibility of regularizing quantum field theories and, even better, theories equipped with the feature of finiteness can be constructed. However, the construction of quantum field theories on noncommutative spaces proved to be a rather difficult undertaking and problematic ultraviolet behavior has been noticed, too [40] [41] [42] [43] (see also [44] [45] [46] ). Despite that, the framework of noncommutative geometry is considered as a solid ground for the accommodation of particle physics models, formulated as noncommutative gauge theories [47] [48] [49] (see also [50] [51] [52] [53] [54] [55] ).
It is notable that the two frameworks of superstring theories and noncommutative geometry have made contact, since, in M-theory and open string theory, the effective physics on D-branes can be written as a noncommutative gauge theory, in the presence of a non-vanishing background antisymmetric field [56, 57] . In addition, the type IIB superstring theory (and others which are related to the type IIB through dualities), in its non-perturbative formulation as a matrix model [58] , is in fact a noncommutative theory. In the framework of noncommutativity, Seiberg and Witten [57] made an important contribution, i.e., the map between commutative and noncommutative gauge theories, relating the noncommutative degrees of freedom of a gauge theory to their commutative counterparts. Based on this mapping, important developments were noticed [59] [60] [61] [62] [63] , for instance the construction of a noncommutative version of Standard Model [64] [65] [66] , but, unfortunately, its main problem remained unsolved, specifically the number of the free parameters of the model was not achieved to be reduced by extensions of this type.
In the context of the construction of noncommutative particle physics models, particularly interesting are the ones that are related to higher dimensions, which are considered to be noncommutative (fuzzy) [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] . This program has the following advantages: (i) exclusion of the ultraviolet/infrared problematic features; (ii) they are renormalizable, in contrast to all known higher-dimensional theories; and (iii) they give the opportunity to begin with an Abelian gauge group in high dimensions and result with a 4-d theory that is non-Abelian, which means an enhancement in the symmetry of the theory. The aspect of renormalizability of such theories was examined from the 4-d point of view too, with the starting theory being a 4-d renormalizable N = 4 supersymmetric gauge theory and the induction of a symmetry breaking led to a vacuum state, which resembled the results of a dimensional reduction of a higher-dimensional gauge theory where the extra dimensions are considered to be noncommutative (fuzzy) [74, 75] . In addition, in the above context, chirality of the fermions of the theory was successfully obtained after an orbifold projection on the spectrum of the initial theory. After the projection and the symmetry breaking, an N = 1 supersymmetric, chiral SU(3) 3 unified theory is obtained [74, 75] .
Besides the accommodation of particle physics models, the framework of noncommutative geometry can be employed for the construction of gravity models formulated as noncommutative gauge theories. To comment on this aspect, it is imperative that we recall the correspondence between ordinary gravitational theories in three and four dimensions and ordinary gauge theories [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] . The first attempt of this undertaking was made by Utiyama [79] , who worked on the description of 4-d gravity of General Relativity as a gauge theory of the Lorentz group, SO (1, 3) . Since the vielbein were introduced in a rather ambiguous way, the results were not considered to be successful. It was Kibble [80] who took the previous attempt one step further, considering the Poincaré group, ISO(1,3), as the gauge group and, besides the spin connection, the vierbeins were also considered as gauge fields of the theory. However, it had not been definite yet that 4-d gravity could be considered as a gauge theory, since there was no promising candidate of an action for a gauge theory of the Poincaré gauge group resembling the Einstein-Hilbert action, without recovering the dynamical part of General Relativity. However, the problem was eventually addressed with the consideration of an SO(1,4) gauge invariant Yang-Mills action with the simultaneous introduction of a scalar field in the fundamental representation of the gauge group [81] (see also [82] [83] [84] [85] ). The gauge fixing of the scalar field is responsible for the induction of a spontaneous symmetry breaking resulting to the Einstein-Hilbert action. Therefore, it was eventually achieved to express the gravitational theory of General Relativity in four dimensions as a gauge theory.
Another project contributing in the gauge-theoretic understanding of gravitational interaction is the description of Weyl gravity (and supergravity) as gauge theories of the 4-d conformal group [86, 87] (For a textbook see [88] .). More explicitly, some of the the gauge fields are identified as the vierbein and spin connection and the translations are related to the general coordinate transformations. Following the standard procedure, the gauge fields and the expressions of the component curvature tensors are obtained. The action is SO(2,4) gauge invariant of Yang-Mills type and imposition of certain constraints on the curvature tensors along with specific gauge fixing of the fields leads to an action that is in fact the action of Weyl gravity. Therefore, one concludes that Weyl gravity is described as a gauge theory of the conformal group.
Furthermore, Einstein's 3-d gravity is also described as a gauge theory of the 3-d Poincaré group, ISO(1,2) (the 3-d de Sitter and anti-de Sitter groups, SO(1,3) and SO(2,2), respectively, when the cosmological constant is non-vanishing) [91] . The construction of the 3-d ISO(1,2) gauge theory admits a Chern-Simons action functional, which is eventually identified as the 3-d Einstein-Hilbert's action. Summing up, the 3-d Einstein's gravitational theory is equivalent to an ISO(1,2) Chern-Simons gauge theory.
According to the above approaches of gravity as gauge theories, the existence of noncommutative gauge theories [92] could motivate one to consider the above as guideline aiming at noncommutative gravity. Approaches of this type have been formulated before (see, for example, [93] [94] [95] [96] [97] and, specifically, for three dimensions employing the Chern-Simons gauge theory formulation, see [98] [99] [100] [101] ). All above works share a common feature, that of constant noncommutativity (Moyal-Weyl), but also the whole analysis is made using the corresponding -product and the Seiberg-Witten map [57] .
However, gravitational models in the noncommutative framework can be constructed by making use of another type of realization of noncommutative geometries, i.e., the matrix geometries [58, 102] . Approaches of this type, specifically Yang-Mills matrix models, have been suggested in the past few years (see [103] [104] [105] [106] [107] [108] [109] [110] [111] [112] [113] ). For alternative approaches, see the work [39, 114, 115] , as well as in [67] [68] [69] .
In general, formulation of gravity in the framework of noncommutativity implies that Lorentz invariance is broken by the noncommutative deformations. However, there are certain types of deformations which preserve the Lorentz invariance called covariant noncommutative spaces [116, 117] . In this spirit, in [118] , a noncommutative deformation of a general conformal field theory defined on 4-d dS or AdS spacetime has been considered. Other 4-d approaches can be found in [119] [120] [121] [122] .
This article includes our contributions in the above aspect of noncommutative gravity. First, we review our approach for 3-d noncommutative gravity as a matrix model [123] (see also [124] ), in which the corresponding space is the R 3 λ , introduced in [125] (for the construction of field theories on this space, see also [126] ), which is in fact the foliation of the 3-d Euclidean space by fuzzy spheres of different radii. This space admits a natural action of SO(4) [127] and is the group we consider as the gauge group of the theory. Due to noncommutativity, the SO(4) symmetry is eventually extended to the U(2)×U(2) in a fixed representation, for reasons that we explain explicitly in the corresponding section of the present review. In addition, we formulate the Lorentz analog of the above construction, in which the corresponding noncommutative space we consider is the R 1,2 λ , i.e., the foliation of the 3-d Minkowski spacetime by fuzzy hyperboloids of ref. [128] . Again, the initial symmetry, SO(1,3), has to be enlarged to GL(2,C) in a fixed representation. In both cases, the action is given in terms of a functional of Chern-Simons type and variation leads to the equations of motion. In addition, the commutative limit is studied and the results of the 3-d Einstein's gravity are recovered successfully.
Our second contribution in the noncommutative gravity field is the formulation of a 4-d gravity model as a noncommutative gauge theory [129] . In the spirit of Yang's pioneering work [117] and inspired by the work of Heckman-Verlinde [118] , we define a fuzzy version of the 4-d de Sitter space, which constitutes a covariant fuzzy space. Noncommutative coordinates of this space are identified as part of the generators of the algebra of the symmetry group, SO(1,4), with proper modifications taking place to preserve Lorentz invariance. Then, for the same reasons as in the 3-d case, the final gauge group is determined to be the SO(1,5)×U(1). The corresponding gauge fields are identified and, following the standard procedure, the transformations of the fields and their corresponding component curvature tensors are obtained. Then, for the dynamical part, an action of Yang-Mills type is considered and its symmetry gets broken after the imposition of constraints on the curvature tensors and field gauge fixing. The commutative limit of our model produces expressions that are related to the ones of conformal gravity in its gauge-theoretic approach.
The present article is divided into two main parts, the first one dealing with particle physics models using extra dimensions (fuzzy or not), while the second one dealing with gravity models in the noncommutative framework. In both parts, necessary information is provided in order to render this review self-contained.
Coset Space Dimensional Reduction of a Higher-Dimensional Theory
The first attempt in the concept of the dimensional reduction of a higher-dimensional theory, in which 4-d theories are obtained starting from a unified theory, was that of Kaluza-Klein [130, 131] . Specifically, the idea was to consider a pure 5-d gravitational theory and reduce it to four dimensions resulting to a U(1) gauge theory (electromagnetism) coupled to gravity. Later, attention was drawn again in this scheme after the realization that non-Abelian group structures appear in a natural way by the extension of the spacetime [132] [133] [134] (for reviews, see [135] [136] [137] ). Taking into account that the total, higher-dimensional spacetime can be expressed as a Cartesian product,
where B is a compact Riemannian manifold with isometries parameterized by the group S, then performing a dimensional reduction of the initial theory leads to a 4-d theory in which gravity is coupled to a Yang-Mills theory with a gauge group that includes the S group, along with a set of scalar fields. The main virtues of this scheme are the geometrical unification of gravity and other interactions described by gauge theories and the origin of the gauge-theoretic description of the other interactions. Besides the above encouraging features, there are also others that are not welcome. For instance, there is no classical ground state corresponding to the structure of M D as a direct product.
The Einstein equations of the gravitational theory in D dimensions lead to vanishing Ricci tensor, which is unacceptable, as the Ricci tensor of a compact space with non-Abelian isometry cannot be identically zero. Therefore, it is concluded that the extra dimensions do not admit a physical interpretation. Besides that, another striking problem is that the inclusion of fermions in the initial theory does not lead to chiral fermions in the low-energy theory, after the dimensional reduction, which means that it is not possible to result with realistic models [138] . However, considering an appropriate particle spectrum, in particular Yang-Mills fields, in the initial theory, it is possible to end up with a stable classical ground state, but also to obtain massless fermions and parity violation in the fermion sector in four dimensions [8, 139] . Therefore, one is led to introduce Yang-Mills fields in higher dimensions.
Taking into consideration that the gravitational interaction is negligible at the low-energy phenomena, one can start with a Yang-Mills theory defined on the higher-dimensional spacetime, M D = M 4 × B and result with a Yang-Mills-Higgs 4-d theory, achieving a potential unification of the interactions, as well as a unification of gauge and Higgs sectors. A straightforward and rather crude way to perform a dimensional reduction of a higher-dimensional gauge theory is to consider that the fields consisting the spectrum of the initial theory do not depend on the extra coordinates. Under this consideration, the Lagrangian would be independent of the extra coordinates, too. Nevertheless, one could consider that the extra dimensions form a coset space, B = S/R, allowing the fields to depend on the extra coordinates in a non-trivial way, such that an S-transformation changes the Lagrangian in such a way that is compensated by a gauge transformation. Therefore, independence of the Lagrangian of the extra coordinates is achieved because of its gauge invariance. In fact, the above consideration is the core and starting point of the Coset Space Dimensional Reduction (CSDR) scheme [3] [4] [5] . In the following section, we review its basic concepts and highlight the most crucial technical points.
CSDR Constraints
Let us consider a higher-dimensional Yang-Mills theory of gauge group G, coupled to fermions, defined on M D , where D is the dimension of the spacetime, with g MN being the metric tensor. Considering that fermions are included in the theory, the corresponding action would be:
where
In addition, A M and ψ are D-dimensional symmetric gauge and spinor fields, respectively. In general, the fermions of the theory could be in arbitrary representation F of G. However, in the case the theory is considered to be supersymmetric, then fermions should be accommodated into the same representation of the gauge fields, composing a vector supermultiplet.
Let us consider the Killing vectors, ξ α A , A = 1, ..., dimS and α = dimR + 1, ..., dimS, of S/R and the gauge transformation, W A , corresponding to ξ A . Considering the various fields of the theory to be symmetric, then, for scalar φ, vector A α and spinor ψ fields on S/R, the following constraint equations are produced:
where the gauge transformation, W A , depends exclusively on the coordinates y of the extra dimensions and, in addition, D(W A ) denotes the specific representation of the gauge transformation for each one of the fields of the theory. Solving the above constraints and taking into consideration that the fields are considered to be symmetric, Equations (2)- (4), one results with the corresponding unconstrained fields in four dimensions, as well as with the gauge group parameterizing the gauge symmetry of the 4-d theory [3, 4] . Now, further procession of the above constraints gives the following information about the 4-d theory: From Equation (2), the splitting of the gauge fields A M (defined on M D ) into its M 4 and S/R components, as A µ , A α , is obtained. The solution of the second constraint, Equation (3), renders the 4-d vector field, A µ , to be independent of the coordinates of the coset space. In addition, an additional understanding from this constraint is that the 4-d gauge fields commute with the generators of the subgroup R of G. This commutation relation leads to the fact that the remaining gauge symmetry, H, should be the subgroup of G, which also commutes with the subgroup R. Therefore, the remaining gauge symmetry is the centralizer of R in G, namely H = C G (R G ). The A α (x, y) component of the gauge field is transforming as a set of scalars in the 4-d theory denoted as A α (x, y) ≡ φ α (x, y) and are understood as intertwining operators, connecting the induced representations of R acting on G and the coset space, S/R. The representation of the 4-d scalar fields is obtained by the following decomposition of G according to the following embedding:
and decomposition of S under R:
The above scheme manifests the representation of the scalars because, for every r i , s i identical representations, there is a remaining scalar multiplet, which transforms under the h i representation of the subgroup H. Every other scalar field not included in the h i vanishes. Now, the solution of the third constraint, Equation (4), gives us insight on the spinorial part of the the 4-d theory, with the analysis on this constraint being similar to the previous one [4, 7, 8, [140] [141] [142] [143] . As expected, the 4-d spinors do not depend on the coordinates of the coset space and act as operators which intertwine between the induced representations of R in SO(d) and G. The representation f i of the subgroup H, i.e., the remnant gauge symmetry in four dimensions into which the fermions eventually fall, is obtained after the decomposition of the initial representation F of G of the fermions under the R G × H as follows:
and the spinor of SO(d) under R:
In the 4-d theory, for the identical representations r i and σ i , there exists a multiplet, f i , of spinor fields. Had the fermions been considered as Dirac fermions in the initial, higher-dimensional theory, then there would be no chance for chiral fermions in the resulting, 4-d theory. However, imposition of the Weyl condition on the (necessarily even) higher-dimensional theory would lead to chiral fermions in the 4-d theory. Moreover, specifically in the case in which the dimension of the initial theory is D = 2n + 2 and fermions are accommodated into the adjoint representation, imposition of the Weyl condition would produce two sets of chiral fermions with the same quantum numbers under the 4-d gauge group, H. Furthermore, additional imposition of the Majorana condition cancels the above duplicate of the fermionic spectrum. In the case of interest, i.e., of D = 4n + 2 dimensions, the Weyl and Majorana conditions are compatible, which means that they can be imposed at the same time.
The 4-d Effective Action
The next step is the determination of the effective action of the resulting 4-d theory. First, the higher-dimensional space, M D , is compactified to M 4 × S/R, with S/R being a compact coset space. Due to the above compactification, the metric of the space M D takes the following form:
where the blocks of the above matrix are the (mostly negative) metric of the 4-d Minkowski spacetime and g ab , which is the metric of the corresponding coset space. Replacing the above expression of the metric, Equation (9), into the initial Yang-Mills action, Equation (1), and taking into consideration the information from the solutions of the constraints of the fields, Equations (2)- (4), the effective action of the 4-d theory would be:
2 θ abc Σ bc the connection of the space and C the volume of the coset space. The scalar potential, V(φ), is found to be:
are the structure constants of the Lie algebra of the isometry group S of the coset space. From the expressions of the constraints of the fields, Equations (2) and (3), it is implied that the scalar fields, φ a , satisfy the following relation:
where φ i are the generators of R G . Therefore, some of the scalars will be filtered out, while others will survive the dimensional reduction and will be identified as the Higgs fields of the 4-d theory.
The scalar potential, V(φ), is a gauge invariant quartic polynomial. Then, minimization of the potential leads to the vacuum of the theory and the final gauge symmetry is determined [144] [145] [146] [147] [148] [149] [150] [151] . Although generally it is a rather difficult task to obtain the vacuum and the remnant gauge symmetry, in the specific case in which S has an isomorphic image S G in G, the 4-d gauge group H is spontaneously broken to a subgroup, K, which is the centralizer of S G in the initial higher-dimensional gauge group,
If the coset space is symmetric ( f c ab = 0), the potential of the 4-d gauge theory always takes a form in which it breaks spontaneously [4] . In addition, application of the above scheme produces supermassive fermions [152] , as it happens in the Kaluza-Klein theory, which generally is not a desired outcome. However, an interesting exception is the example that follows.
Let us now apply the above program on a higher-dimensional N = 1, E 8 supersymmetric Yang-Mills theory. The initial 10-d spacetime is compactified to M 4 × SU(3)/U(1) × U(1), where SU(3)/U(1) × U(1) is a nearly-Kähler manifold. The 4-d gauge group, H, is obtained by the decomposition of the E 8 under R = U(1) × U(1), since, as found from the solution of the constraint in Equation (3), the subgroup, H, is the centralizer of R = U(1) × U(1) in G = E 8 :
since
The resulting 4-d theory is an N = 1, E 6 GUT, with additional U(1) A , U(1) B global symmetries. The determination of the potential is obtained after tedious calculations. For the procedure and the explicit expression, see [35] . In the expression of the potential, there are contributions from the F− and D− terms, but also scalar masses and trilinear scalar terms are also included. In addition, gaugino gains mass in which the torsion contributes. It is remarkable that in the CSDR scheme the supersymmetry breaking sector is automatically retrieved, without additional considerations. The 4-d unified gauge theory, E 6 , which is obtained after the CSDR, can be broken employing the Wilson flux mechanism (for details, see [30, 31] ), to an N = 1, chiral SU(3) 3 theory.
Further breaking of this gauge theory leads to an extended version of the MSSM.
Fuzzy Spaces
For reasons explained in the Introduction, noncommutative geometry is a particularly interesting framework in which particle physics models can be built. A specific class of noncommutative spaces is that of fuzzy spaces, which are noncommutative analogs of ordinary spaces preserving the isometries. In the matrix algebraic formulation, fuzzy spaces are in fact matrix approximations of continuous manifolds. For the time being, we write the description of the most typical case of fuzzy spaces, i.e., the fuzzy sphere [38] , and also give some information about the construction of gauge theories on it. This is sufficient for our current purpose, i.e., the construction of particle physics models with fuzzy extra dimensions. In a later section, we give details of more such spaces, generalizing the case of the fuzzy sphere, used in the construction of noncommutative gravity models.
The Fuzzy Sphere
To define the fuzzy sphere, first, let us recall a few details about the definition of the ordinary sphere, S 2 . The ordinary sphere can be defined as an embedding into the 3-d Euclidean space, R 3 , with points on it being labeled by a Cartesian coordinate system, x a , a = 1, 2, 3 obeying the following constraint equation:
where r is the radius of the sphere. The isometry group of the sphere is the SO(3), which is the parameterization of rotational symmetry in three-dimensions and is generated by the three operators of angular momentum, L a = −i abc x b ∂ c . Alternatively, these generators can be written with respect to the spherical coordinates, θ, φ. The corresponding Laplace operator is defined on the sphere by the relation L 2 = −R 2 ∆ S 2 and its eigenfunctions are the spherical harmonics, Y lm (θ, φ), defined as:
where P m l denote the Legendre polynomials. Spherical harmonics satisfy the following orthogonality and normalization condition:
Moreover, spherical harmonics consist a complete and orthogonal set of functions, therefore, any function defined on the sphere can be written as an expansion:
where the coefficients a lm are complex numbers. Let us now consider the case in which the algebra of the spherical harmonics is truncated, which means that l has a maximum, finite value. If we consider two functions on the sphere, expanded on this finite set of spherical harmonics, then their product would give terms that exceed the maximum value of l, therefore, the algebra is not closed under the multiplication operation. An effective way to recover closure under multiplication is to consider a different kind of product, more specifically a noncommutative one. Therefore, it is understood that noncommutativity under multiplication is the cost of the truncation of the algebra of functions. The most obvious choice is the matrix product, which means that functions are considered to be matrices. The above space is defined as the fuzzy sphere.
A straightforward formulation of the fuzzy sphere is achieved by adopting the finite-dimensional noncommutative matrix algebra. Let us consider the three (N + 1)-dimensional matrices J a , a = 1, 2, 3 that are an irreducible representation of (N + 1) dimension of the SU(2) generators, which satisfies the following commutation relation:
[
The Casimir operator in this (N + 1)-dimensional irreducible representation is given by:
Thus, the fuzzy sphere (at N level of fuzziness) is a fuzzy space with coordinates,X a , a = 1, 2, 3 represented by (N + 1) × (N + 1) Hermitian matrices, which are related through a proportionality constant to the generators of SU (2) in the (N + 1)-dimensional irreducible representation, namely:
The coordinates of the fuzzy sphere that parameterizes its points, obey the following radius constraint:
where r is the fuzzy sphere radius. Employing the definition of the Casimir operator, Equation (20) , and the expression of the coordinates being proportional to the generators, Equation (21), the proportionality constant, κ, is obtained:
. Therefore, the coordinate matrices can now be written as:
In addition, the commutation relation of the J a generators of SU (2), Equation (19) , leads to the commutation relation of the coordinates:
where Equation (23) has been considered and C abc is the rescaled Levi-Civita symbol, explicitly, C abc = r abc . The coordinate matrices,X a , admit an alternative description in terms of the anti-Hermitian matrices, X a , which are defined by the following relation:
Accordingly, their commutation relation, Equation (25) , and the corresponding constraint of the radius, Equation (22) , are now expressed as:
where C abc is now identified as C abc = abc r . Obviously, the algebra of the fuzzy sphere is described by both definitions on equal footing.
It is worth noting that, besides functions, spinors can also be defined on the fuzzy sphere [67] [68] [69] . Furthermore, studies on the differential geometry of more higher-dimensional fuzzy spaces, e.g., the fuzzy CP M [67] [68] [69] , have been carried out.
Concluding, integration on the fuzzy sphere is performed by the following mapping:
Differential calculus on a fuzzy sphere is 3-d and SU (2) covariant [67] [68] [69] . Derivation is performed by the commutator of an element of the algebra on the fuzzy sphere acting on a functionf . Therefore, derivation along the coordinate X a is given by:
The above definitions are particularly essential for the construction of gauge theories on the fuzzy sphere, which is discussed in the next section.
Gauge Theory on a Fuzzy Sphere
Let us now consider a field φ (X a ) on the fuzzy sphere, expressed in terms of powers of X a [92] . An infinitesimal gauge transformation of φ (X a ) under a gauge group, G, is:
where λ(X) is the gauge transformation parameter. If λ(X) is a function of X a , then it is an infinitesimal Abelian transformation and G = U(1), while, if λ(X) is a P × P Hermitian matrix, then the transformation is non-Abelian and the gauge group is G = U(P). In addition, it holds that the coordinates are invariant under a gauge transformation of the internal symmetry, namely δX a = 0. Now, the gauge transformation of the field multiplied by the coordinate is not covariant, namely:
since, in general:
Motivated by the construction of ordinary gauge theories, in which covariant derivative is introduced for similar reasons, in the fuzzy case, the covariant coordinate, φ a , is introduced as:
which is satisfied when:
In addition, again motivated by ordinary gauge theories, the following definition of the covariant coordinate is introduced:
in which A a is interpreted as the gauge connection of the noncommutative gauge theory. Starting from Equations (34) and (35), the gauge transformation of A a is obtained:
The above expression designates the role of A a as a gauge field. The next step is to define the field strength tensor, F ab :
which transforms in a covariant way:
In the next section, the above toolkit is employed for the construction of particle physics gauge theories, in which fuzzy extra dimensions are included.
Dimensional Reduction of a Higher-Dimensional Theory with Fuzzy Extra Dimensions
In this section, a dimensional reduction of a higher-dimensional theory with fuzzy extra dimensions is presented, realized in the most straightforward way. Then, a fuzzy extension of the Coset Space Dimensional Reduction is briefly discussed.
Ordinary Fuzzy Dimensional Reduction
Let us consider a higher-dimensional gauge theory, G = U(P), defined on the spacetime M 4 × (S/R) F , with (S/R) F a fuzzy coset space. The corresponding Y-M action is the following:
where tr G is the trace associated with the algebra of G and kTr stands for the integration operation over the fuzzy coset (Parameter k is related to the size of the fuzzy coset space, generalizing the κ parameter encountered in the case of the fuzzy sphere.) and F MN the field strength tensor of the higher-dimensional gauge theory, containing terms related to the 4-d Minkowski spacetime as well as to the fuzzy coset, namely F µν , F µa , F ab . The mixed and fuzzy part of F MN are given as follows:
where φ a is the corresponding covariant coordinate. Replacing the above expressions of the field strength components into the initial action, Equation (39), it takes the following form:
where V(φ) is identified as the potential, originating from the F 2 ab term:
The expression of the action in Equation (40) is naturally interpreted as a 4-d action. In that sense, let λ(x µ , X a ) be an infinitesimal gauge parameter of G = U(P). However, this transformation parameter can be regarded as a gauge transformation of a gauge theory constructed on M 4 :
where T I are the Hermitian generators of the initial gauge group U(P) of the higher-dimensional theory and λ I (x µ , X a ) are N× N anti-Hermitian matrices. Therefore, they can be written as λ I,h (x µ )T h , where T h are the anti-Hermitian generators of a U(N) group and λ I,h (x µ ), h = 1, . . . , N 2 , are identified as the Kaluza-Klein modes of λ I (x µ , X a ). The fields on the right hand side of Equation (42) can be naturally viewed as a field valued in the Lie algebra of the tensor product of the two unitary groups, U(N)×U(P), which is in fact the algebra of the group U(NP). The same consideration also applies for the gauge field A ν as follows:
which can be seen as a gauge field on 4-d Minkowski spacetime, valued in the algebra of U(NP). A similar consideration can be applied for the scalars, too. Despite the simplicity of the above dimensional reduction, a very important feature becomes manifest, i.e., the enlargement of the initial gauge symmetry of the higher-dimensional theory to the 4-d one. More specifically, this means that the starting gauge group can be considered to be Abelian and result with a non-Abelian gauge group in four dimensions, due to the enlargement of the symmetry. However, the scalars of the 4-d theory are in the adjoint representation, which means that they are incapable of triggering the electroweak symmetry breaking. To avoid this undesirable feature, a more elaborate scheme of dimensional reduction must be employed.
Fuzzy CSDR
In this section, we briefly present a fuzzy extension of the Coset Space Dimensional Reduction program presented above. The main concept remains the same, i.e., the non-trivial dependence of the fields on the extra-dimensional coordinates, but since the coset space over which the reduction is performed is now fuzzy, modifications on the constraints are expected to be applied [67] [68] [69] (see also [153] ).
The common ground on both scenarios is that, since fuzzy spaces preserve the isometries of the corresponding manifold, the fuzzy coset considered has the same gauge group of symmetries as its non-fuzzy original space. In addition, gauge couplings defined on both kinds of spaces share the same dimensionality. Now, in the CSDR procedure, we explain that compactification of the space induces a symmetry breaking, resulting with gauge symmetry, H, in the 4-d theory, where H is the centralizer of R into G. Then, spontaneous symmetry breaking due to the presence of the Higgs scalars led to further reduction of the symmetry to the K gauge group, which was obtained as the centralizer of S into G. In the fuzzy CSDR case, the intermediate stage of the 4-d theory being governed by the H symmetry is skipped. In other words, the vacuum and its symmetry in four dimensions is obtained directly with the solutions of the corresponding constraints. Therefore, in the 4-d theory, the scalars that are present are identified as the physical Higgs scalars. Accordingly, the symmetry breaking taking place leads to massive fermions and Yukawa interactions (Yukawa sector). Another difference between the two programs is related to the feature encountered in the previous subsection, in which the straightforward dimensional reduction over fuzzy coset spaces is described, i.e., the choice of an Abelian gauge theory in high dimensions leads to non-Abelian gauge symmetry in four dimensions. Another very welcome feature accompanying the fuzzy CSDR is that the higher-dimensional theory considered as well as the resulting 4-d one are actually renormalizable (see [67] [68] [69] ).
Orbifolds and Fuzzy Extra Dimensions
In this section, a particle physics model using fuzzy extra dimensions leading to low-energy theories that include chiral fermions [74, 75] is reviewed. The renormalizability of such higher-dimensional theories is emphasized, following a reverse procedure, i.e., starting with a 4-d renormalizable theory (The whole idea shares some similarities with the idea of dimensional deconstruction, introduced earlier [154, 155] (see also [156] ).) [70] [71] [72] [73] . More explicitly, a renormalizable 4-d N = 4 supersymmetric Yang-Mills SU(3N) gauge theory is considered, along with an appropriate particle spectrum of scalars and fermions. Application of an orbifold projection (similar to the one in [157] ) leads to reduction of the supersymmetry and the gauge symmetry and filters out some of the fields of the initial theory. Then, symmetry breaking leads to certain vacuum, which can be interpreted as a reduced higher-dimensional theory with fuzzy extra dimensions. The resulting theory is a Grand Unified Theory, which can be further broken to an extension of MSSM (This reverse procedure aims also at proving that it is not necessary to consider an Abelian gauge theory that is higher-dimensional, with the non-Abelian gauge theory structure emerging from fluctuations of the coordinates [158] [159] [160] .).
Earlier, attempts to include fermions were made with the best model achieved (for some time) involving mirror fermions in bifundamental representations of the gauge group in the low-energy regime [72, 73] (Although mirror fermions are not incompatible with phenomenology [161] , exactly chiral fermions are preferred.).
N = 4 SYM Field Theory and Z 3 Orbifolds
Let us first consider an N = 4 supersymmetric Yang-Mills SU(3N) gauge theory defined on the 4-d Minkowski spacetime. The particle content of the theory is given in terms of N = 1 supersymmetry consisting of an SU(3N) gauge supermultiplet and three adjoint chiral supermultiplets Φ i , i = 1, 2, 3. The fields composing the above supermultiplets are the gauge fields, A µ , µ = 1, . . . , 4, six adjoint real scalar fields φ a , a = 1, . . . , 6 and four adjoint Weyl fermions ψ p , p = 1, . . . , 4. Under the SU(4) R R-symmetry of the theory, the scalars and Weyl fermions belong to the 6 and 4 representations, respectively, while the gauge bosons belong to the trivial representation (singlets). On the above theory, an orbifold projection is performed, parameterized by the Z 3 discrete group, which is viewed as a subgroup of SU(4) R . The Z 3 can be embedded into SU(4) R in various, non-equivalent ways, since the choice of embedding determines the amount of the remnant supersymmetry [157] :
• Maximal embedding of Z 3 into SU(4) R is excluded since it leads to vanishing supersymmetry.
• Embedding of Z 3 in a subgroup of SU(4) R :
into an SU(2) subgroup leads to N = 2 supersymmetric models with SU(2) R R-symmetry; and -into an SU(3) subgroup leads to N = 1 supersymmetric models with U(1) R R-symmetry.
The preferred amount of supersymmetry is obtained by the last choice, therefore it is the one that is adopted [162] . A generator g of Z 3 can be labelled by three integers, as a 2 , a 3 ) [163] satisfying the following relation:
As mentioned above, each kind of fields of the theory is accommodated in different representations of SU(4) R , therefore Z 3 acts on the fields in a non-trivial way. Gauge fields and gauginos are singlets under SU(4) R , therefore the geometric action of the Z 3 is trivial. The action on the three complex scalar fields is expressed by the matrix γ(g) ij = δ ij ω a i , where ω = e 2π 3 , while on the fermions it is given by the matrix γ(g) ij = δ ij ω b i , where
In this case, the generator, g, is given by the three integers (1, 1, −2), which means that a i = b i . Furthermore, the matter fields are not gauge invariant, thus Z 3 acts also on their gauge indices. The action is given by the following matrix (These blocks may not have the same dimensionality (see e.g. [164] [165] [166] ) but, in this case, they do, in order to result with a projected theory which is anomaly free.):
The projection affects the spectrum of the resulting theory, in the following way. Every field that is not invariant under the action of Z 3 on both the "geometric" (In the case of ordinary reduction of a 10-d N = 1 SYM theory, one obtains an N = 4 SYM Yang-Mills theory in four dimensions having a global SU(4) R symmetry, which is identified as the tangent space SO(6) of the extra dimensions [33] [34] [35] 167] ) and gauge indices is filtered out and does not take part in the projected theory [163] . The projection for the gauge fields is A µ = γ 3 A µ γ −1
3
. Therefore, taking into account Equation (45) , belonging to the same representation as the scalars, Equation (46), as expected since the remnant supersymmetry is N = 1. It is worth-noting that the representations in which scalars and fermions are encountered, Equation (46) , are anomaly free. Therefore, it is understood that fermions fall into chiral representations of H, which are divided into three generations, since the particle content consists of three N = 1 chiral supermultiplets.
The interactions between the fields of the projected theory are determined by the superpotential, the form of which is specified by the superpotential of the initial N = 4 SYM theory [168, 169] :
where Φ i , Φ j , Φ k are the three chiral superfields of the theory, before the projection. The orbifold projection does not affect the structure of the superpotential, however it includes the interactions among the fields that passed through the filtering of the orbifold projection to the N = 1 theory:
Dynamical Generation of Twisted Fuzzy Spheres
The corresponding scalar potential is originating from the superpotential W proj N =1
, Equation (48), as:
where φ i is the scalar part of the superfield, Φ i . Aiming at vacua which could admit an interpretation of fuzzy extra dimensions, the potential V proj N =1
(φ) has to be modified, since it gets minimized by vanishing vevs of the fields. Therefore, to result with non-vanishing minima of the scalar potential, V proj N =1 (φ), N = 1 soft supersymmetric terms of the following form have to be introduced (For the current purpose, the SSB terms that are introduced in V proj N =1 (φ), are purely scalar. However, more SSB terms have to be included to obtain the complete SSB sector [170] .):
with h ijk = 0, unless i + j + k ≡ 0 mod3. In addition, the D-terms contributing to the scalar potential are:
T I φ i and T I are the generators of the gauge group in the representation of the corresponding chiral multiplet. The total potential of the theory is given as a combination of all the above contributions:
Fixing appropriately the parameters m 2 i and h ijk of Equation (50) as m 2 i = 1 and h ijk = ijk , the scalar potential, Equation (52), can now be written as:
where the tensor F ij introduced above is defined as:
The first term in the above expression of the potential, Equation (53), is positive, thus the global minimum of the potential is:
where φ i † is the Hermitian conjugate of φ i and R 2 , φ i = 0. Now, it has become manifest that the above relations are associated to a fuzzy sphere. This gets clearer if the untwisted fields, φ i , are introduced, defined by:
where Ω 1 satisfies the following relations:
Therefore, the fuzzy sphere relations are recovered, Equation (55), generated by φ i :
designating that the noncommutative space, dynamically generated by φ i , is in fact a twisted fuzzy sphere, S 2 N . Specific configurations of the twisted fields, φ i , i.e., fields satisfying Equation (55), can be obtained:
are the three SU(2) generators in the N-dimensional irreducible representation and Ω is the matrix:
The transformation in Equation (56) implies that the "off-diagonal" orbifold sectors, Equation (46), now take the following block-diagonal form:
The untwisted fields, φ i , are written in a block-diagonal form, with each block being identified as a fuzzy sphere, since the corresponding commutation relation, Equation (58), is satisfied for each one separately. The above configuration, Equation (61), determines the vacuum of the theory and consists of three fuzzy spheres of the same radii, with relative angles 2π/3 (with Ω expressed in the representation of γ 3 in Equation (45)). In other words, the expression of φ i can be interpreted as the twisted equivalent of three fuzzy spheres. It is notable that F ij , Equation (54), is identified as the field strength tensor of the dynamically generated fuzzy extra dimensions. In addition, the term related to the D-terms, V D , of the total potential expression is responsible for a change on the radius of the sphere [70, 71, 73, 171] .
Chiral Models after the Fuzzy Orbifold Projection-The SU(3) c × SU(3) L × SU(3) R Model
The orbifold projection breaks the gauge group of the initial SYM theory, SU(3N), to a subgroup. Depending on the way the breaking takes place, it affects the resulting gauge symmetry. The minimal, anomaly free cases of resulting unified gauge theories are described by the groups, SU(4)×SU(2)×SU(2), SU(4) 3 and SU(3) 3 (For a similar approach in the Yang-Mills matrix models framework see [172, 173] .). The case of interest is the trinification group SU(3) c × SU(3) L × SU(3) R [174, 175] (see also [159, 160, [176] [177] [178] [179] [180] for a string theory approach). First, the integer N is written as N = n + 3, therefore for each SU(N), the embedding would be:
Therefore, the embedding for the total gauge group SU(N) 3 would be the following:
The U(1) factors produced are not taken into account (Due to anomalous gaining mass by the Green-Schwarz mechanism and thus they decouple at the low energy regime [165] .) and the representations are decomposed according to the above relation, Equation (63), as:
(n, n, 1; 1, 1, 1) + (1, n, n; 1, 1, 1) + (n, 1, n; 1, 1, 1) + 1, 1, 1; 3, 3, 1 + 1, 1, 1; 1, 3, 3 + 1, 1, 1; 3, 1, 3 + n, 1, 1; 1, 3, 1 + 1, n, 1; 1, 1, 3  + 1, 1, n; 3, 1, 1 + (n, 1, 1; 1, 1, 3) + (1, n, 1; 3, 1, 1) + (1, 1, n; 1, 3, 1) . (64) Taking into consideration the decomposition of SU(N) 3 , Equation (62), the gauge group breaks down to SU(3) 3 . Now, under SU(3) 3 , the surviving fields of the resulting theory transform as:
which is the corresponding chiral representation of the trinification group, under which the quarks and leptons of the first family transform as:
respectively. The matrices of the other two families are obtained in a similar way (It is worth-noting that the resulting theory can be promoted to a finite theory up to two loops (see [176, [181] [182] [183] ) and give testable predictions [176, 184, 185] , too.). In addition, fuzzy orbifolds can also be used to break the gauge group of the unified theory down to MSSM and then to the SU(3) c × U(1) em . A reasonable extension of the above concept and methodology in the context of Matrix Models (MM) has been studied in [186] (see also [187] ). The MMs were first introduced by Banks-Fischler-Shenker-Susskind (BFSS) and Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) and provide a non-perturbative approach of M-theory and type IIB string theory, respectively [58, 102] . In addition, MMs can also be employed for model building at low energies, producing various interesting solutions on strings, D-branes [58, [188] [189] [190] and noncommutative/fuzzy spaces, such as fuzzy tori and spheres [191] [192] [193] . Since such constructions lead to non-Abelian gauge theories, it is reasonable to explore the possibility of building phenomenologically viable particle physics models. Moreover, a MM involving orbifold projection was proposed by Aoki-Iso-Suyama (AIS) [194] , as a specific projection of the IKKT model, being related to the above construction, in which fuzzy extra dimensions are dynamically generated [74, 75] . Application of a Z 3 orbifold projection, reduces the initial symmetry of the IKKT matrix model with matrix size 3N×3N, from SO(9,1)×U(3N) to SO(3,1)×U(N) 3 . This model is 4-d, N = 1 supersymmetric, chiral of Yang-Mills type. The fermions that are invariant under the Z 3 projection, transform in the bifundamental representations under the initial, unbroken gauge symmetry exactly as in the construction described above. Future plans involve the extension of the project started in [186, 187] in the context of IKKT models making use of an orbifold projection.
Gravity as a Gauge Theory
In this section, we recall the interpretation of various gravity theories as gauge theories [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] , to translate it later into the framework of noncommutative geometry.
4-d Einstein's Gravity as a Gauge Theory
For over one hundred years, General Relativity has been considered a very solid and successful theory, having passed various tests throughout these years. It is formulated in a geometric way, in difference to the rest of the interactions, which are described as gauge theories. To make contact between gravitational and the other interactions, in the mid 1950s [79] , an undertaking began in this direction, i.e., the gauge-theoretic approach of gravity [80] [81] [82] [83] [84] [85] . Let us recall the basic features of this approach for the 4-d Einstein's gravity.
To aim at a gauge-theoretic approach of 4-d gravity, the vierbein formulation of General Relativity has to be taken into account. Depending on the presence or not of the cosmological constant, the gauge theory is constructed on the 4-d Minkowski, de Sitter or anti-de Sitter spacetime, M 4 , dS 4 , AdS 4 , with gauge groups the Poincaré, de Sitter or anti-de Sitter groups, ISO(1,3), SO(1,3), and SO(2,2), respectively. The choice of these groups as the symmetry groups is reasonable, since they are the isometry groups of corresponding spacetimes. Let us start with the case in which there is no cosmological constant included, i.e., the case of the Poincaré group. The corresponding algebra is determined by the following commutation relations, which its generators satisfy:
where η ab = diag(−1, 1, 1, 1) is the Minkowski metric, M ab are the generators of the Lorentz group (Lorentz transformations) and P a are the generators of the local translations. According to the standard gauging procedure, the gauge potential, A µ , is introduced and it is expressed as a decomposition on the generators of the Poincaré algebra, as follows:
The functions attached to the generators are the gauge fields of the theory and, in this case, they are identified as the vierbein, e a µ , and the spin connection, ω ab µ , which correspond to the translations, P a , and Lorentz generators, M ab , respectively. This way, considering the vierbein as gauge field, the mixing between the internal symmetry and spacetime is achieved and that is what makes this kind of construction special, compared to the gauge theories describing other interactions. The connection transforms according to the following rule:
where = (x) is the parameter of the gauge transformation that can also be expanded on the various generators of the algebra:
The transformations of the gauge fields are obtained after putting together Equations (69) and (71) with Equation (70) . The resulting expressions for the transformations are:
According to the standard procedure followed in gauge theories, the corresponding field strength tensor of the gauge theory is defined:
and also becomes expanded on the generators:
where R µν a (e) and R µν ab (ω) are the curvatures of the gauge fields, identified as the torsion and curvature, respectively. Their expressions are obtained by replacing Equations (69) and (75) into Equation (74):
Concerning the dynamic part of the theory, the obvious choice is an action of Yang-Mills type, which is invariant under the Poincaré group. However, intenting to result with the Einstein-Hilbert action, the Poincaré symmetry of the action has to be broken to the Lorentz. This can be achieved by the employment of a spontaneous symmetry breaking, induced by a scalar field which belongs to the fundamental representation of the SO (1,4) [81, 83, 84] . The choice of the de Sitter group is equivalent to that of the Poincaré group, and in this case it is preferred, because all generators can be considered on equal footing. The translational part of the theory is broken by the spontaneous symmetry breaking, which leads to a constrained theory with vanishing torsion and an action involving the Ricci scalar, respecting only the Lorentz symmetry, i.e., Einstein-Hilbert action.
Concluding, Einstein's four-dimensional gravity can be formulated as a gauge theory of the Poincaré group, as far as the kinematic part is concerned, i.e., the transformation of the fields and the expressions of the curvature tensors. When it comes to the dynamic part, instead of the Poincaré group, the de Sitter one is the symmetry which the initial Yang-Mills action respects. In turn, the inclusion of a scalar field and the addition of an appropriate potential term in the Lagrangian leads to a spontaneous symmetry breaking, leading to the Einstein-Hilbert action.
An alternative option to result with an action with Lorentz symmetry is to claim that the action has to be invariant under the Lorentz symmetry and not under the total Poincaré with which one begins. This means that the curvature tensor corresponding to the translations has to be set to zero, deriving the torsionless condition. The torsionless condition is the constraint that is necessary for the capture of the Lorentz symmetry. Solution of this constraint leads to an expression relating the spin connection with the vielbein:
However, after the imposition of the constraint, straightforward consideration of an action of Yang-Mills type respecting the (remnant) Lorentz symmetry would lead to an R(M) 2 action, which is not the correct one, since the target is the reproduction of the results of general relativity. Such an action would imply the presence of a dimensionless coupling constant of gravity, but that is not the case. To result with the Einstein-Hilbert action, which involves a dimensionful coupling constant, the action has to be considered in a non-straightforward way, specifically, building Lorentz invariants out of the quantities (curvature tensors) of the theory. The one that is constructed under certain contractions of the curvature tensor is the correct one, ensuring the correct dimensionality of the coupling constant. The latter is eventually identified as the Ricci scalar and the corresponding action is the Einstein-Hilbert action.
3-d Gravity as a Gauge Theory
The construction of a gauge theory describing the 3-d Einstein's gravity (without cosmological constant) is less tedious than the above 4-d case, since it can be completely recovered considering the 3-d Poincaré group as the gauge group, for both the kinematic and the dynamic parts [91] . The 3-d Einstein-Hilbert action is written as:
which, as shown in [91] , is identical to a gauge theory of Chern-Simons type of ISO (1, 2) . This algebra comprises six generators, three local translations, P a and the three Lorentz transformations, M a = abc M bc , with a = 1, 2, 3, which satisfy the following commutation relations:
Following the same gauging procedure as in the 4-d case, the gauge connection and gauge parameter are written as:
The above considerations are sufficient to calculate the gauge transformations of the fields and the component curvature tensors. Appropriate choice of the quadratic form of the algebra leads to a Chern-Simons action that is identical to the Einstein-Hilbert action, Equation (79) . In addition, 3-d gravitational theory is also retrieved by a gauge-theoretic approach in the case that a cosmological constant is included. For this purpose, the gauge groups considered are the 3-d dS or AdS groups, SO(1,3) and SO(2,2), respectively. In this case, the generators of the local translations do not commute, satisfying the following commutation relation:
where λ is the cosmological constant. The rest of the procedure remains the same as the one without the cosmological constant.
4-d Weyl Gravity as a Gauge Theory
Besides Einstein's gravity, also Weyl's gravity can be successfully described as a gauge theory of the 4-d conformal group, SO (2, 4) . In this case, the transformations of the fields and the expressions of the curvature tensors are determined in a straightforward way. The initial action that is considered is an SO(2,4) invariant action of Yang-Mills type and is broken by imposition of specific conditions (constraints) on the curvature tensors. After taking into consideration the constraints, the resulting action of the theory is the Weyl action [86] [87] [88] (see also [89, 90] ).
The generators of the conformal algebra of SO (2, 4) are the local translations (P a ), the Lorentz transformations (M ab ), the conformal boosts (K a ) and the dilatations (D). The algebra is determined by their commutation relations:
where a, b, c, d = 1 . . . 4. Now, according to the gauging procedure, the gauge potential of the theory has to be determined, i.e.
in which a gauge field has been associated with each generator. The gauge connection, Equation (84), transforms according to the following rule:
where is a gauge parameter which takes values in the Lie algebra of the SO(2,4) group and therefore it can be written as:
Combining Equations (84)- (86), the transformations of the gauge fields of the theory are obtained:
Now, employing the definition of the field strength tensor for non-Abelian gauge theories:
the expressions of the component curvature tensors are obtained:
Now, regarding the action, it is taken to be an SO(2,4) invariant Yang-Mills action. Imposition of specific constraints break the initial symmetry [86] [87] [88] , specifically, the torsionless condition, R(P) = 0, along with an additional constraint on R(M). The algebraic solution of these constraints leads to expressions of the fields ω ab µ and f a µ in terms of the independent fields e a µ and b µ . Finally, b µ can be gauge fixed to b µ = 0 and, therefore, the resulting action is the well-known Weyl action, being diffeomorphism and scale invariant.
Besides the above, well-established way of breaking the initial symmetry to a symmetry of scale and diffeomorphism invariance, we suggest another way of symmetry breaking, this time leading to the Lorentz symmetry. The transformations of the fields and component tensor expressions determined above, along with this alternative symmetry breaking become useful below, serving as the commutative limit of the noncommutative 4-d gravity model we present. This alternative symmetry breaking could take place including two scalar fields in the fundamental representation of the SO(2,4) gauge group [195] . This is a rather natural generalization of the way the 4-d de Sitter group was broken down to the Lorentz by a scalar in the fundamental of the corresponding group, SO(1,4), as explained above in the case of the 4-d Einstein gravity, in Section 6.1. The two scalars could be responsible for triggering a spontaneous symmetry breaking in a more complete theory in which matter fields would be included. The resulting action of the resulting 4-d theory should respect Lorentz symmetry.
3-d Gravity as a Gauge Theory on Noncommutative Spaces
In Section 6.2, we recal that 3-d gravity can be described as a Chern-Simons gauge theory. At the same time, there exists a solid framework for constructing noncommutative gauge theories, as briefly reviewed in Section 3. Therefore, it seems reasonable to combine the above two and construct a 3-d gravity model as a noncommutative gauge theory. The first step towards this direction is the identification of a suitable noncommutative space that will accommodate the gauge theory [123, 124, 196 ].
An appropriate 3-d fuzzy space is constructed as a foliation of the 3-d Euclidean space by multiple fuzzy spheres of different radii, called R 3 λ , first considered in [125] (see also [126] ). In this space, the noncommutative coordinates satisfy the commutation relation of the SU(2) algebra, but, unlike the case of the fuzzy sphere, the matrices are not considered to be proportional to the generators of SU(2) in an irreducible higher-dimensional representation, but in a reducible one. Consideration of a reducible representation means that the coordinates are given as block-diagonal matrices, with each block being an irreducible representation, i.e., a fuzzy sphere. Thus, the Hilbert space is:
The three operators that are identified as the coordinates satisfy the following commutation relation:
and are described by matrices in reducible representations of su(2) (cf. [125] ). In other words, allowing X i to live in a reducible representation is equivalent to considering a sum of fuzzy two-spheres of different radii. Therefore, the whole space can be viewed as a discrete foliation of 3-d Euclidean space by fuzzy two-spheres, each being a leaf of the foliation (In the Lorentzian case, there exists a similar construction, i.e., the foliation of the 3-d Minkowski space by fuzzy hyperboloids [128] .) (cf. [197] ). The above space, R 3 λ , admits an SO(4) symmetry [127] , which is the one that is gauged. In this procedure, the generic problem of non-Abeilian noncommutative gauge theories is encountered, i.e., the non-closure of the anti-commutators of the generators of the algebra. The indicated treatment for this issue is the specification of the representation in which generators are accommodated and minimally extend the algebra with the necessary operators that are produced by the anti-commutators. Accordingly, the gauge theory considered in this case is the U(2)×U(2) in a fixed representation, because of the inclusion of the operators 1 and γ 5 . Now, having determined the fuzzy space and the gauge group, the procedure followed is similar to the one of the continuous case, modified for the noncommutative framework. First, the commutation and anti-commutation relations of the generators of the gauge group are obtained:
Next, a gauge field has to be introduced for each generator writing down the gauge connection, which is used in promoting the coordinate to its covariant version:
In addition, a gauge parameter is introduced and, since it is valued in the Lie algebra, it is expanded on its generators as:
Using the above relations and the transformation rule of the covariant coordinate, the transformations of the gauge fields are obtained:
In addition, using the expressions of the covariant coordinate in the following relation:
the corresponding curvatures are obtained, as well:
Finally, the action proposed is of Chern-Simons type:
Variation of the above action leads to the equations of motion:
It is worth noting that all the above results in the construction of the 3-d gravity as a noncommutative gauge theory reduce to the ones obtained in the continuous case (Section 6.2).
4-d Gravity as a Gauge Theory on Noncommutative Spaces
In this section, we review the construction of a 4-d gravity model as a noncommutative gauge theory [129] . First, we need to present the construction of a suitable 4-d fuzzy space, on which the gravity model is constructed and then we present the features of the gravity model on this 4-d fuzzy space.
Fuzzy de Sitter Space
The 4-d fuzzy space that is employed in this task is the fuzzy version of 4-d de Sitter space, dS 4 , which is defined as a submanifold of the 5-d Minkowski spacetime in a similar way that the four-sphere is considered as an embedding in the 5-d Euclidean space. Specifically, the embedding equation that defines dS 4 is:
where A, B = 0, . . . , 4 and η AB is the mostly positive metric tensor of the 5-d Minkowski spacetime, i.e., η AB = diag(−1, +1, +1, +1, +1). To obtain the fuzzy analog of this space, one has to consider its coordinates, X a , to be operators that do not commute with each other:
As in the fuzzy sphere case, in which the coordinates were identified as the three rescaled generators of SU (2) in an (large) N-dimensional representation with radius r, the right hand side of the above equation, Equation (105), should also be identified as a generator of the algebra, ensuring covariance, i.e., θ ab = C abc X c , where C abc is a rescaled Levi-Civita symbol. However, such an identification in this fuzzy de Sitter case is problematic, meaning that identification of the coordinate operators with some generators of SO(1,4) would break covariance, since the algebra would not be closing, i.e., θ ab cannot be assigned to generators into the algebra [118] (For a more detailed explanation, see [120, 198] , in which the same problem is encountered in the construction of the fuzzy four-sphere.). Demanding the preservation of covariance leads to the consideration of a group with larger symmetry, in which all generators identified to the coordinates but also the noncommutativity can be incorporated in it. The minimum enlargement of the symmetry leads to the SO(1,5) group. Therefore, a fuzzy version of the dS 4 space, with coordinates represented by N-dimensional matrices, respecting covariance, too, is obtained after the extension of the symmetry to the SO (1, 5) and, since we use the Euclidean signature to facilitate the construction, the resulting symmetry group is the SO(6).
To formulate the above 4-d fuzzy space, we consider the generators of the SO(6) algebra, denoted by J AB = −J BA , with A, B = 1, . . . , 6, satisfying the following commutation relation:
Decomposition of the above generators in an SO(4) notation and identification of the component generators leads to the following definitions:
with m = 1, . . . , 4. For dimensional reasons, an elementary length, λ, has been introduced. The coordinates, momenta and noncommutativity tensors are denoted as X m , P m and Θ mn , respectively. The coordinates and momenta satisfy the following commutation relations:
where m, n = 1, · · · , 4. The algebra of spacetime transformations is:
The algebra defined above, in contrast to the Heisenberg algebra (see [199] ), admits finite dimensional representations for the operators X m , P m and Θ mn , therefore the model of spacetime we obtained is in fact a finite quantum system. In analogy to the fuzzy sphere case, spaces such as the above fuzzy dS 4 are called fuzzy covariant spaces [118, 119, 200 ].
A Noncommutative Gauge Theory of 4-d Gravity
In this section, we present the formulation of a 4-d gravity model as a gauge theory on the fuzzy dS 4 space constructed in the previous section (Section 8.1) (For a string theory approach of a noncommutative gravity model, see [201] ). As in the 3-d translation of the gauge-theoretic description of gravity as a gauge theory on the fuzzy space R 3 λ in Section 7, the whole procedure is carried out as a noncommutative analog of the cases mentioned in Sections 6.1 and 6.3.
Determination of the Gauge Group and Representation by 4 × 4 Matrices
Recalling the previous section in which the fuzzy dS 4 space was constructed, the symmetry group of the space in which we were led due to preservation of covariance, is the SO(6). Drawing lessons from the commutative case, in which the isometry group (the Poincaré group) was gauged, in this case the gauge group will be the isometry group of the fuzzy dS 4 space, i.e., the SO(5), viewed as a subgroup of the resulting SO(6) group.
However, the same problem that emerged in the 3-d case related to the anti-commutators of the generators of the algebra is encountered in this case, too [123, 124, 196] (see also [95] ). The anti-commutators do not yield operators that belong to the algebra and this is exactly the case for the generators of SO (5) . For this reason, the representation of the generators gets fixed and the operators produced by the anti-commutators are included into the algebra, considering them as generators, too. This results in the extension of the initial, SO(5), gauge group to the SO(6) × U(1)(∼ U(4)) group with the representation of the generators being the 4 of SO(6) [129] .
The starting point is to consider the four Euclidean Γ-matrices, satisfying the following anti-commutation relation:
where a, b = 1, . . . 4. In addition, the Γ 5 operator is defined as
Therefore, the generators of the SO(6) are written as:
(a) six generators of the Lorentz transformations: The Γ-matrices are determined in terms of the Pauli matrices:
as tensor products, specifically:
Therefore, the generators of the algebra are represented by the following 4×4 matrices:
where i, j, k = 1, 2, 3 and:
and satisfy the following commutation relations, obtained by straightforward calculations, using the above definitions:
Noncommutative Gauge Theory of Gravity
Now that the algebra of the gauge group is determined, it is time to proceed with the noncommutative gauging procedure. First, the covariant coordinate of the theory is defined as:
The coordinate,X m , defined above is covariant by construction, i.e., the gauge transformation acting on it is covariant:
where (X) is the gauge parameter, being a function of the coordinates-matrices, X m , but, at the same time, takes values in the SO(6)×U(1) algebra. Thus, it may be expressed as a decomposition on the generators of the algebra, explicitly:
Taking into consideration that a gauge transformation does not "see" the coordinate X m , i.e., δX m = 0, the transformation property of the A m included in Equation (121) is obtained. In accordance with the commutative case, A m transforms in such a way that admits the interpretation of a gauge potential or, in other words, the connection of the gauge theory. Similar to the case of the gauge transformation parameter, , the connection, A m , is a function of the matrices-coordinates X m of the fuzzy space dS 4 , but also takes values in the SO(6)×U(1) algebra, which means that it can be expanded on its sixteen generators as follows:
where it is manifest that one gauge field has been introduced for each generator. The component gauge fields are functions of the coordinates of the space, X m , therefore they are N × N matrices, where N is the dimension of the representation of the coordinates. Thus, instead of the ordinary product, between the gauge fields and the corresponding generators, the tensor product is employed, since the factors are matrices of different dimensions; the generators are 4 × 4 matrices. Therefore, every term of the connection is a 4N × 4N matrix. After the introduction of the gauge fields, the covariant coordinate is now written as:
The next step is to calculate the field strength tensor for this SO(6)×U(1) noncommutative gauge theory, which, for the fuzzy de Sitter space, is defined as:
whereΘ mn = Θ mn ⊗ 1 + B mn . B mn is a non-Abelian two-form gauge field, which takes values in the SO(6)×U(1) algebra. The two-form field was introduced to render the field strength tensor as covariant, since in its absence the field strength tensor does not transform in a covariant way (For details on this generic issue encountered on such spaces, see Appendix A of ref. [129] .). These two-form gauge fields that were introduced in the theory contribute with a kinetic term of the following type:
in the complete action that is determined below. Of course,Ĥ mnp transforms covariantly under a gauge transformation and therefore the above action is gauge invariant. The defined field strength tensor, Equation (125) , can be expanded in terms of the component curvatures since it is valued in the algebra, i.e.
Now, the necessary information for the determination of the transformations of the gauge fields and the expressions of the component curvature tensors are obtained. For the calculations and results, see Appendix B of [129] .
The Constraints for the symmetry breaking and the action
The desired gauge symmetry is the one described by the Lorentz group, in our signature, the SO(4). A straightforward way to do this is to consider a constrained theory in which the only surviving curvature tensor would be the one associated with the Lorentz generators of the algebra, while the rest would vanish, breaking the initial SO(6)×U(1) symmetry to the SO(4)×U(1). However, following this approach would lead to an over-constrained theory, judging from counting the degrees of freedom. Therefore, it would be wiser to follow a procedure in which the breaking would occur in a less straightforward way. The first constraint in this direction would be:
which is the torsionless condition, and is also considered in the cases where the Einstein and conformal gravity theories are described as (ordinary) gauge theories. In turn, the gauge field b a m admits an interpretation of a second vielbein of the theory, which would lead to a theory with two metrics, which is not desirable in our case. Thus, as a solution of the constraints, the relation e a m = b a m is considered. Taking into consideration the torsionless condition, Equation (128) , along with this solution, the correct degrees of freedom are obtained. This also leads to the expression of the spin connection ω ab m in terms of the rest of the fields, e a m , a m , a m . To specify the expression of the spin connection with respect to the rest of the fields, the following two identities have to be employed: 
Making use of above the identities, Equation (129), the above equations lead to the expression of the spin connection in terms of the rest of the fields: 
Now, according to ref. [202] , the vanishing of the field strength tensors in a gauge theory would lead to the vanishing of the corresponding gauge field. However, this cannot be applied in this case, since R(P) = 0 would mean e a µ = 0, which would lead to degeneracy of the metric tensor of the space [91] . The field that can be set to zero is the a m . This fixing will also modify the expression of the spin connection, Equation (132) , leading to an even simpler expression: 
At this point, it should be noted that the U(1) field strength tensor, R mn (1), is not considered to be vanishing, which means that this U(1), which is strongly related to the noncommutativity, remains unbroken in the resulting theory after the symmetry breaking, since the theory still describes gravity on a noncommutative space. However, its corresponding field, a m , would vanish if the commutative limit of the broken theory, in which noncommutativity is lifted and a m decouples, were considered. In this limit, the gauge symmetry would be just SO (4) .
Another way of resulting with the desired SO(4) gauge symmetry as a remnant symmetry after the breaking of SO (6) is to extrapolate to the noncommutative case the argument developed for the conformal gravity in the commutative case, including two scalars in the 6 representation of SO (6) . It is expected that the spontaneous symmetry breaking induced by the scalars would lead to some constraints, such as the ones in Equation (128) .
In addition, the commutative limit of the above SO(6)×U(1) gauge theory leads to a theory with SO(6) gauge symmetry, since the gauge field, a m , is related to the U(1) part of the symmetry decouples. Therefore, all expressions obtained in the noncommutative gauge theory (gauge connection, transformations of the fields, and component curvature tensors) reduce to the corresponding ones of the gauge-theoretic description of the conformal group (in the Euclidean signature) of Section 6.3.
The Action and Equations of Motion
The most reasonable choice for the action is that of Yang-Mills form (A Yang-Mills action trF 2 on the fuzzy de Sitter space is gauge invariant; for details, see Appendix A of [129] ):
where Tr is the trace over the matrices-coordinates (takes the role of the integration of the continuous case) while tr is the trace over the algebra. Considering the vacuum state of the theory, after the symmetry breaking, the surviving terms of the action would be: 
where the above expression of the action with indices in the SO (4) Replacing with the explicit expressions of the component tensors and expressing the ω gauge field in terms of the rest of the surviving gauge fields, Equation (133) , then variation with respect to the (surviving) gauge fields would lead to the equations of motion.
Conclusions
Starting from Kaluza-Klein theory, the foundations were set for the construction of 4-d gauge theories from geometric origins. In this direction, phenomenologically viable particle physics models have been constructed, starting from gauge theories in higher dimensions and making use of the CSDR scheme (with support from the heterotic string). Moreover, to start with renormalizable higher-dimensional theories and obtain 4-d renormalizable theories too, fuzzy coset spaces were employed to represent the extra dimensions. In addition, to provide support in these scenarios, one could start with a 4-d N = 4 supersymmetric Yang-Mills theory with a suitable particle content and generate the results of a dimensional reduction of a higher-dimensional initial theory with fuzzy extra dimensions. This picture would lead to an N = 1 GUT and subsequently to extensions of the MSSM after a symmetry breaking.
Furthermore, aiming at a more complete picture of the description of the interactions, gravity models were also accommodated in the framework of noncommutativity, making use of the noncommutative gauge theories. In this concept, it was reasonable to translate the already established description of the gauge-theoretic description of 3-d and 4-d gravity to the noncommutative regime, giving insight into its behavior in high-energy scales (Planck scale) in which coordinates are naturally considered to be noncommutative. For this purpose, certain covariant fuzzy spaces with suitable isometries were employed and the models that were built on them included interesting results and found contact with low-energy gravity theories.
From our perspective, our work of the four-dimensional noncommutative gravity model contributes greatly, mainly in two aspects. The first is that we have accomplished a successful construction of a four-dimensional covariant fuzzy space, in such a way that can be generalized for other spaces, specifically by enlarging the symmetry and introducing a two-form gauge field. Second, we managed to give a description of the gravitational interaction in a regime in which the coordinates can be considered as noncommutative (e.g., Planck scale), and relate it with the conformal gravity in the commutative, low-energy limit. Our priority in the future is to study the Lorentz invariant action we obtained and attempt to relate it with the four-dimensional Einstein-Hilbert action, with aspirations of connecting the large and low-energy regimes for the gravitational interaction. Then, after obtaining the equations of motion, we plan to explore potential applications in cosmology.
